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ABSTRACT: A new numerical method allowing one to estimate a temperature field in an
intumescent fire-retardant coating is proposed. The data on heat conductivity of the
material, on kinetics of its decomposition, and on kinetics of change of its rheological
properties serve for calculation of input parameters. On the basis of experimental
information about curing kinetics, the algorithm computes a viscosity of the material in
each elementary layer of the coating. It is assumed that the local change of viscosity, in
turn, predetermines a local expansion coefficient of the coating. The results of the
calculations are compared with the experimental data obtained for the coating on the
basis of phenol–formaldehyde resin and boron oxide. © 1998 John Wiley & Sons, Inc. J Appl
Polym Sci 70: 1523–1542, 1998
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INTRODUCTION

Despite the obvious practical interest in the cre-
ation of intumescent fire-retardant paints and coat-
ings, the development of quantitative theory of the
intumescence process progresses very slowly.

As far as we know, there exist only several
works1–6 dedicated to thermophysical models of
intumescence (foaming). The most detailed one of
them was suggested by Clark and coworkers.1

Clark has assumed that decomposition of the
coating material takes place as a result of two
reactions. Only the first one of these reactions
causes an intumescence. Thus, a zone of passing
of this reaction corresponds to zone of intumes-
cence within the coating. If all gas released in the

first reaction were retained in the foam, Clark’s
model would be reasonable enough. However, in
reality, as a rule, only a small part of gas is kept
in the foam. Therefore, an extent of foaming is
determined rather by viscoelastic properties of
the material than by amount of gas isolated.

The work of Anderson and Wauters2 is prac-
tically a reproduction of the model of Clark and
seems to be a failure. When describing decom-
position of the material, these authors ignored
the laws of chemical kinetics. Instead of using
the Arrhenius equations, they approximated a
curve of decomposition by the Fourier series. In
contrast to the model of Clark, according to
which, foaming takes place only within some
region of the coating, the model of Anderson and
Wauters2 implies that foaming occurs in each
coating layer undergoing decomposition up to
the surface of the coating. At the same time, it
is quite obvious that foaming must cease when
the melted (liquid) polymer turns into a solid
coke. We suppose3,4 that probably the end of the
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foam formation occurs even earlier, when the
material hardens as result of some curing reac-
tion in the polymer.

Buckmaster et al.5 apparently took into ac-
count the inaccuracies of Wauters and made as-
sumptions being, in a sense, opposite to those of
Wauters; namely, they assumed that the foaming
occurs in the extremely narrow temperature
range. This model allows one to explain some
peculiarities of dynamics of heating the coat-
ings,5,6 but being very formal, it by no means
reflects the chemical processes of foaming.

It is reasonable to assume3,4 that in systems
with intensive foaming, the reactions of curing
and gas formation should be synchronized. Earli-
er,3,4 we have offered a numerical procedure cal-
culating the factor of expansion of a coating via an
amount of gas held in the foam within a certain
range of changing a viscosity of the material. This
procedure is illustrated4 for an artificial example
when the heating of a material takes place by the
linear law.

The goal of the present article is to consider a
model in which local heating of a substance in a
coating obeys the heat conduction equation. Such
a model allows one to investigate how kinetic
parameters of above reactions influence a final
behavior of a coating under conditions of actual
heating by a flame or other source of heat.

THEORETICAL APPROACH

Equations of Mass Conservation

Foam formation results in the widening of local
portions of the substance, that is, in a decrease of
density of the material. Current x and initial j
coordinates of the moving material point (see Fig.
1) are connected by the following equation:

x ~j, t ! 5 j 1 E
0

t

u ~j, u !du

where u(j,t) is the linear velocity of the movement
of the material point. The coordinates x and j are
the coordinates of Euler and Lagrange, respec-
tively.

The expansion coefficient is connected with the
difference of the velocities of two points, being at
the initial moment in the positions j and j 1 d j.
It is expressed as follows:

E ~j, t ! 5 x /j 5 1 1 E
0

t

@u ~j, u !/j #du

where

Figure 1 The model of an intumescent coating.
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u ~j, t !/j 5 E ~j, t !/t

Let us consider the velocity of the substance
flow at a distance x from the back wall (the sub-
strate):

dx /dt 5 v ~x, t ! (1)

It is noteworthy that velocities u(j,t) and v(x,t)
are not equal, because in eq. (1) it is not deter-
mined what portion of the substance at the mo-
ment t reaches the x position. However, let us
choose a certain portion, fixing its initial coordi-
nate as follows:

x|t50 5 j, x /j|t50 5 1 (2)

Now the velocity value is determined at so-
called7 characteristic x(j,t); that is, v(x,t) 5 v(x(j,t),-
t) 5 u(j,t). Differentiating eq. (1) by j leads to the
equation

d /dt ~x /j ! 5 v /x ~x /j ! (3)

Solving with respect to x/j an ordinary dif-
ferential eq. (3) under the initial condition (2), we
obtain

E ~j, t ! 5 x /j

5 exp$E
0

t

@v~ x ~j, u !, u !/x #du % (4)

One can readily see that by means of the simple
transformations, eq. (4) turns into an identity, as
follows:

E 5 exp@E
0

t

v /j ~j /x !du #

5 exp@E
0

t

~ ln E /u !du # ; E

To calculate the change of a local density of the
coating we have to do a number of assumptions.
First, we shall neglect a temperature coefficient of
expansion of polymer mass of the coating. Second,
we shall neglect the movement of the mass of the
material connected with gravity.

Third, we shall consider that only gases iso-
lated in each elementary layer of the coating take
part in the foam formation inside this layer. As to
the gases isolated in the lower layers, these pen-
etrate freely through the layer under consider-
ation toward the surface of the coating.

Fourth, we shall assume that all the gas in the
coating is under atmospheric pressure P. The lat-
ter assumption is required to not include a cor-
rection for an excess pressure in bubbles when
using the equation of Clapeyron–Mendeleev. This
approximation needs to be explained.

An Laplacian excess pressure is essential in
bubbles of a size ; 1 mm. At the same time, gas in
the foam is accumulated mainly in bubbles of a
size ; 0.01–1 mm. Therefore, the Laplacian com-
ponent of the excess pressure can be neglected at
once. A reactive component of the excess pressure
connected with plastic deformation of a material
in the course of growth of bubbles is small while
the material remains liquid, but it can sharply
rise after gelation (solidification) of the polymer.
It was shown4 that the foam formation begins to
occur at a viscosity ; 300 Pa 3 s. At a viscosity
; 3000 Pa 3 s, the material is still able to viscous
flow. However, the moment of time of gelation
practically coincides with the moment of reaching
the viscosity ; 3000 Pa 3 s; that is, an amount of
gas that is retained in the foam when changing a
viscosity from 300 to 3000 Pa 3 s is much greater
than that being held in the foam when changing a
viscosity from 3000 Pa 3 s to `. In other words,
the gas bubbles, which cross over a very narrow
zone of gelation, harden, having no time to grow.
After gelation, the excess pressure can lead to a
rupture of bubbles’ walls, but since the material is
a solid one, the hardened bubbles conserve their
volume and form (merely closed hollows turn into
open ones). We note that the latter fact is confirmed
by investigation of slits of the coatings. Thus, when
calculating a change of the expansion coefficient,
one may ignore a correction for the excess pressure
in the equation of Clapeyron–Mendeleev up to the
moment of gelation and consider that the expansion
coefficient reaches a limit (stationary) value after
the moment of gelation.

With the assumption made in the chosen layer
of the coating (see Fig. 2), a density decreases due
to the foam formation and due to decrease in the
layer mass resulting from chemical decomposi-
tion of the material.

Depending on a position of a layer under con-
sideration, gases isolated upon decomposition can
leave this layer either due to disintegration of
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bubbles (the region of a liquid foam) or due to
filtration through the system of micropores in the
solid material (the region of a solid foam).

To apply the laws of formal kinetics, one should
consider the gas isolation as being a result of
decomposition of several individual components.
Let us consider first, for the sake of simplicity, a
case of one-component media. If the component
undergoes chemical decomposition, the continuity
equation in Euler and Lagrange coordinates has
the following form:

r /t 1 rv /x 5 2dG /dt (5)

dr /dt 1 rv /x 5 2dG /dt (6)

where r is a density of the component, and
2 dG/dt is a source of a loss of mass due to the
decomposition reaction. If the component does not
decompose, then dG/dt 5 0. The function G de-
pends both upon x (or j) and upon t; however,
partial derivative of G with respect to x (or j) will
be nowhere used below, and so in an expression
for G, the x (or j) variable can be considered as a
parameter. That is why in eqs. (5) and (6), we
used full derivative of G with respect to time.

In eq. (6), we used the known7 designation

dr /dt 5 r /t|j5const 5 r /t|x5const 1 vr /x

Indeed, if the functions v/x and dG/dt are
formally considered as known ones, eq. (6) be-
comes an ordinary differential equation with re-
spect to r, in which j is some parameter and is not
an independent variable.

To determine a form of the function dG/dt, let
us consider the change of mass of the component
Dm within a segment between two characteristics
(see Fig. 2)

dDm /dt 5 Ad /dt E
x1~j1,t!

x2~j2,t!

rdx 5 A ~rv|x5x2

2 rv|x5x1 1 E
x1~j1,t!

x2~j2,t!

~r /t !dx !

where A is the surface area under consideration
that is perpendicular to the flow.

Using eq. (5), it is easy to show that

dDm /dt 5 2A E
x1

x2

~dG /dt !dx (7)

The function Dm/Dm0, where Dm0 is the initial
mass of the component, conforms to the laws of
formal kinetics. It is noteworthy that this mass
ratio does not depend on absolute values of the
masses; that is, Dm/Dm0 5 m/m0. The function
m(t)/m0 (the curve of the mass loss) is usually
measured by means of thermogravimetric analy-
sis. It can be expressed generally by the following
differential equation:

d ~m /m0 !/dt 5 2kc ~m /m0 !nexp(2Ec /RT )

where Ec is an activation energy, T is tempera-
ture, kc is a rate constant, n is an order of reac-
tion, and R is the gas constant.

Integration gives

m /m0 5 f ~t ! 5 @kct ~n 2 1! 1 1#21/~n21! , ~n . 1!

m /m0 5 f ~t ! 5 exp(2kct ), ~n 5 1!

where

t @T ~u !#|u5t 5 E
0

t

exp[2Ec /RT ~u !]du (8)

is the reduced reaction time.
We put the double brackets in the left-hand

side of eq. (8), assuming that t is a functional and
not a function of temperature. Further, we shall
use the expression t 5 t(t), for brevity, bearing in

Figure 2 The evolution of a small fragment of a coat-
ing.
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mind, however, that t(t) is unambiguous function
of time only with a fixed temperature–time de-
pendence T(t).

Note that Dm0 5 Ar0Dj, where r0 is the initial
density of the component. Thus, from eq. (7), we
obtain

r0Djdf /dt < 2DxdG /dt

Going to the limit at Dj3 0 (Dx3 0), we have

dG /dt 5 2@r0 /E ~j, t !#df /dt (9)

Substituting expression (9) into eq. (6) and in-
tegrating with respect to r(j,t) the ordinary dif-
ferential equation (6) under the initial condition
r(j,0) 5 r0(j) 5 r0, we obtain

r ~j, t ! 5 r0exp(2I )$1 1 E
0

t

@exp~I !/E ~j, u !#

3 ~df /du !du }

where

I 5 E
0

t

@v ~x ~j, u !, u !/x #du

Taking into account eq. (4), one can readily see
that

r ~j, t ! 5 @r0 /E ~j, t !#f ~t!

The latter equation may be deduced from eqs.
(6) and (7) by one more manner,

E @dr /dt 1 rv /j ~j /x !# 5 Edr /dt 1 rE /t

5 d ~Er !/dt 5 d ~r0 f !/dt

From here, Er 5 r0 f.
For going to the case of a media consisting of N

components, it is sufficient to use the rule of ad-
ditivity to give

r ~j, t ! 5 O
i51

N

ri ~j, t ! 5 @r0 /E ~j, t !# O
i51

N

wifi ~ti !

dG /dt 5 2@r0 /E ~j, t !# O
i51

N

widfi ~ti !/dt (10)

where wi 5 ro,i/r0 (1 # i # N) are mass fractions
of the components. Being calculated per gram of
the coating, the mass of gaseous products q iso-
lated to the moment t at the point with the initial
coordinate j constitutes

q ~j, t ! 5 O
i51

N

wi @1 2 fi ~ti !# 5 1 2 O
i51

N

wifi ~ti !

The volume of this mass is equal to RT(j,t)q/
PM, where M is the molecular weight of the gas.

Thermogravimetric dependence (the curve of
the mass loss) for multicomponent system is ex-
pressed as

m @T ~u !#|u5t /m0 5 O
i51

N

wifi ~ti @T ~u !#|u5t !

The algorithm of the E(j,t) calculation, pro-
posed earlier,3,4 is based on the hypothesis that
the gas released is retained in the foam only in a
certain range of rheological state of the material
when its dynamic viscosity varies within the lim-
its [hm,`). At the point of coating with the initial
coordinate j, the time interval [tmin(j), tmax(j)]
corresponds to the viscosity interval [hm,`). Thus,
a gas volume kept in the foam is equal to

~RT /PM !q̃ ~j, t !

5 5
0, t , t ~hm ~j !! 5 tmin ~j !

~RT /PM !@q ~j, t ! 2 q ~j, tmin !#,

tmin , t , tmax

~RT ~j, tmax !/PM !qmax,

t . t ~h ~j!3 `! 5 tmax ~j ! ~11!

Initially, a gram of the coating occupies a vol-
ume of 1/r0. Due to the decomposition of the ma-
terial, this volume decreases. If we assume that
the decrease in the volume is proportional to the
lost mass, then the volume of polymer mass under
consideration will constitute (1 2 q)/r0. The over-
all volume of the foam is a sum of the volume of
polymer mass and the volume of isolated gas.
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Hence, the ratio of the volume of the foam to the
initial volume of the coating is equal to

E ~j, t !

5 @~1 2 q !/r0 1 q̃ ~j, t !RT ~j, t !/PM #/~1/r0 !

5 1 2 q 1 r0 q̃ ~j, t !RT ~j, t !/PM,

tmin ~j ! , t , tmax ~j ! (12)

If presuming that the sole result of the mate-
rial gasification is the increase in porosity, it is
easy to express the volume fractions of the re-
tained gas vg and the polymer mass vp as follows:

vg 5 ~E 2 1 1 q !/E, vp 5 ~1 2 q !/E (13)

The actual density of the material is equal to

r 5 vpr0 1 vgrg (14)

where rg is the gas density. Formulas (10) and
(14) differ because eq. (10) describes the change of
a partial density. However, since r0 @ rg, equa-
tions (10) and (14) give close results.

Let us derive the equation of a material bal-
ance for the gaseous phase, considering again the
layer between 2 characteristics (see Fig. 2). Tak-
ing account of eq. (7), one can write

rgvg|x5x2
2 rgvg|x5x1

5 E
x1

x2

~dG /dt !dx

2 d /dt E
x1

x2

vgrgdx (15)

where vg is the velocity of gas movement. When
substituting the expression for vg from eq. (13)
into eq. (15) and using integration along La-
grange coordinate, we obtain

rgvg|x5x2
2 rgvg|x5x1

5 r0 E
j1

j2

~dq /dt !dj

2 d /dt E
j1

j2

Ergdj 1 d /dt E
j1

j2

~1 2 q !rgdj (16)

While the foaming takes place, the equality
dq/dt 5 d q̃/dt should be fulfilled. Using eqs. (11)
and (12) for the stage of foam formation from eq.
(16), we find

rgvg|x5x2
2 rgvg|x5x1 5 0

In other words, at this stage, all the gas iso-
lated within the layer under consideration is re-
tained in the foam. Note that the latter result is a
natural consequence of our initial assumption.

At the limit Dj 3 0, eq. (16) gives

rgvg /j 1 d ~E 2 1 1 q !rg /dt 5 r0dq /dt (17)

We used, in eq. (17), the full derivatives with
respect to time, just like in eq. (6), keeping in
mind that all the functions in this equation are
given in Lagrange coordinate system. We note
that eq. (17) describes the balance of gas within
layers that move with the velocity of the polymer
substance. However, a velocity of gas differ from a
velocity of polymer (vg Þ v); therefore, eq. (17) is
not the continuity equation for gas.

By expressing the gas density as rg 5 PM/RT,
one may rewrite eq. (17) as follows:

rgvg /j 5 r0dq /dt 2 rgd ~E 1 q !/dt

1 ~PM /RT2 !~E 2 1 1 q !dT /dt (18)

The second and third terms in the right-hand
part of eq. (18) correspond respectively to the
retention of gas in the material due to foaming
and to the gas flow connected with thermal ex-
pansion of gas in pores. Since the retention of gas
in the foam usually is much less than the amount
released on the whole, these terms can be omit-
ted. Taking into account that the gas flow at the
back wall is equal to zero, one can write with good
accuracy the gas flow as

rgvg|x5x ~j, t !
5 r0 E

0

j

~dq /dt !dj (19)

Cagliostro et al.1 used eq. (19) in their calcula-
tions, although a more accurate equation has the
following form:

rgvg|x5x ~j, t !
5 E

0

j

G ~j, t !dj
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where

G ~j, t !

5 H0, tmin , t , tmax

r0dq /dt 2 d ~E 2 1 1 q !rg /dt, t , tmin, t . tmax

Equation of Energy Conservation

Equation of heat conduction in the Euler coordi-
nate system is as follows:

~cgrgvg 1 cprpvp !T /t 1 @cgrgvg 1 v ~cgrgvg

1 cprpvp !#T /x 1 ~r0 /E ! O
i21

N

DHiwidfi ~ti !/dt

5  /x ~lT /x !

where cg and cp are the specific heat capacities of
the gas and polymer mass, DHi (1 # i # N) are
heat effects of decomposition reactions of the com-
ponents, and l is the heat conductivity. By taking
account of the equality

T /t|j5const 5 T /t|x5const 1 vT /x

let us go into the Lagrange coordinates

E ~cgrgvg 1 cprpvp !T / t 1 cgrgvgT /j

1 r0 O
i51

N

DHiwidfi ~ti !/dt 5  /j @~l /E !T /j #

(20)

The first term in the left-hand part of eq. (20)
takes into account the accumulation of heat in the
coating; the second term takes into account the
convective transfer by the decomposition gases;
the third term takes into account the heat effect of
the decomposition reactions; finally, the right-
hand part corresponds to the heat exchange
through the material of the coating.

If neglecting the accumulation of heat by gases
being in the pores cgrgvg ! cprpvp and taking into
account the equality vpE 5 1 2 q, the left-hand part
of eq. (20) becomes independent of E. Thus, the
effect of the retardancy of heating caused by intu-
mescence can be explained1 exclusively in terms of
an effective heat conductivity: leffective 5 l/E.

The value l, according to the studies of Ander-
son et al.,8 is approximated satisfactory as

l 5 lglp /~vglp 1 vplg ! 5 lglpE /@~E 2 1 1 q !lp

1 ~1 2 q !lg # (21)

where lg and lp are heat conductivities of gas and
polymer mass, respectively.

Since lp @ lg, even at low values of E (E ; 1.5
2 2), the local conductivity of the coating is prac-
tically stipulated by heat conductivity of gaseous
products in the pores. When E @ 1, the veritable
heat conductivity l, in accordance with formula
(21), is limited by the heat conductivity of gas (l
' lg); consequently, the effect of deceleration of
heat transfer in the coating is stipulated only by a
local expansion, leffective 5 lg/E. If, furthermore,
the coefficient E has approximately a constant
value along the depth of the coating, then the
heat-shielding effect is determined solely by the
factor of increasing a thickness of the coating.

We note that eq. (21) seems to us to be an
imperfect one. In the systems with large pores,
the heat conductivity, in particular, should cer-
tainly depend on the size of pores.

To solve eq. (20), it is necessary to set boundary
conditions as follows:

~l /E !T /j|j5L0 5 aF @TF 2 T|j5L0 #

1 «FsTF
4 2 « 1 «FsT|j5L0

4 (22)

~l /E !T /j|j50

5 cmrmHmdT /dt|j50 1 aB @T|j50 2 T0 # ~23!

and initial condition

T 5 T0 , r 5 r0 , t 5 0 (24)

where T0 is an initial temperature; TF is the flame
temperature; aF is the coefficient of heat ex-
change between flame and coating surface; «F and
«S are the coefficients of emission of the flame and
the coating surface; s is the Stephan–Boltzmann
constant; L0 is the initial thickness of the coating;
cm, rm, Hm are heat capacity, density, and thick-
ness of the substrate; and aB is the coefficient of
heat exchange between the substrate and outer
media.

Equations (20)–(24) form the complete system
to study numerically the dynamics of intumescent
coating.

EXPERIMENTAL

The intumescent coating was prepared3 at 120°C
by mixing 80% by weight of phenol–formaldehyde
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resin (PhFR) and 20% by weight of boron oxide
(B2O3). Thermogravimetric analysis of this blend
was fulfilled by derivatograph MOM (Hungary) in
the nitrogen atmosphere at the heating rate of
' 20°C/min.

A composition layer of 1 cm thickness was put
on an aluminum disk with the diameter of 15 cm
and thickness of 0.3 cm. A propane air flame,
which was created by a gas injector situated at a
distance of 10 cm from the initial position of the
coating surface (see Fig. 3), served as a source of
heat.

The measurements of a temperature were done
by chromel–alumel thermocouples with the junc-
tion diameter of 200 mm. For avoidance of de-
struction of the thermocouples’ material, the sur-
face of the thermocouples was covered by a film of
silicon oxide. The temperature equilibrium be-
tween thermocouple and the flame is reached for
; 10–20 s. This time is much less than that of the
experiment.

The thermocouples were fastened at different
heights from the back wall (the substrate). A cur-
rent position of the coating surface relatively to
the back wall was measured by a cathetometer.

Initially, the thermocouples are located within
the flame and consequently show the flame tem-
perature (' 1150°C), but, as the coating foams,
the thermocouples penetrate in the depth of the
material and, in so doing, display the tempera-

ture change in the interior layers of the coating in
the Euler coordinate system.

Temperature on the coating surface was mea-
sured by optical pyrometer. For ' 5 min, it
reaches the stationary value, which is approxi-
mately equal for different regions of the surface
and constitutes ' 850–870°C.

RESULTS AND DISCUSSION

Analysis of Thermogravimetric Data

Kinetic analysis of decomposition of organic poly-
mers by the data of the mass loss is a complicated
problem since destruction of polymers is usually
characterized by many conjugated reactions. An
assumption of independence of these reactions is
rather rough, although for practical calculations,
it is difficult to choose more rational approxima-
tion.

Let us assume that the loss in the mass of the
material takes place due to one reaction only.
Then the aim of the analysis is the calculation of
three constants, as follows: n, kc, and Ec, by using
the mass loss curve. Their calculation is possible
by way of the best matching of the theoretical and
experimental curves of mass loss in the scale of
the logarithm of the reduced time.

Let the temperature value be set in M points Tj
5 T(tj), 1 # j # M. In the same points the values
of fj, 1 # j # M of mass loss are known.

Let us introduce the array {yj}, connected with
the reduced time of a reaction of nth order as

yj 5 kctj 5 @~1/fj !
n21 2 1#/~n 2 1!, 1 # j # M

(25)

With high accuracy, the theoretical values of
the reduced time are presented as the following
finite sum:

t̃j 5 E
0

tj

exp[2Ec /RT ~u !]du < O
i51

j21

$RT# i
2 ~ti11 2 ti !/

@Ec ~Ti11 2 Ti !#}@exp(2EcTi /RT# i
2 !

2 exp(2EcTi11 /RT# i
2)] (26)

where T# i 5 (Ti11 1 Ti)/2. Upon the preset n, the
values of kc and Ec can be found by minimizing
the function

Figure 3 The scheme of testing the coating.
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D 5 M21 O
j51

M

~lnkc 1 ln t# j 2 ln yj !
2

An optimum value of lnkc is calculated analyt-
ically

lnkc 5 M21 O
i51

M

ln~yi /t# i ! (27)

With fixed n, the function

D 5 M21 O
j51

M

@M21 O
i51

M

ln~yi /t# i ! 2 ln~yj /t# j !#
2

(28)

depends only on the activation energy Ec. The
calculation of the set {yj} by eq. (25) is carried out
once. Then, by calculating the set {tj} with differ-
ent Ec by eq. (26), it is possible to find Ec by
minimizing the function (28). Thereupon lnkc is
found by eq. (27). Conducting this procedure re-
peatedly with different n, it is possible to find a
minimum of D with respect to n, that is, to esti-
mate the reaction order. In the given algorithm,
only one-dimensional minimizing of function (28)
must be done numerically; that is why the algo-
rithm is simple and reliable.

For calculating the constants in a multicompo-
nent system, it is important that the decomposi-
tion stages of different components were sepa-
rated well. In Figure 4, the thermogravimetric
analysis (TGA) results for the blends of 80%
PhFR 1 20% B2O3 and 80% PhFR 1 20% H3BO3
are shown. It is seen that the decomposition
mechanisms of these blends significantly differ. It
is noteworthy that rheological characteristics of
these compositions also differ very much. In par-
ticular, the coating with the addition of boric acid
is not able to foam at all.

Decomposition of the blend PhFR with H3BO3
has two distinct stages; their contributions con-
stitute w1 5 0.175 and w2 5 0.2. The first stage
seems to be connected with the partial destruc-
tion of the polymer and isolation of water as a
result of the polycondensation reaction, and the
second stage is connected with the carbonization
of the material. Having carried out the optimizing
procedure for each stage, one can find Ec

(1) 5 13.46
kcal/mol, kc

(1) 5 0.96 3 105 s21, n(1) 5 2.2, Ec
(2)

5 28.6 kcal/mol, kc
(2) 5 0.2 3 106 s21, and n(2) 5 1.

In the case of B2O3, the stages of the process
are separated poorly. Nothing remains, only to
suppose that the stage of carbonization has the
same characteristics as in the case of H3BO3.
Then the first stage can be distinguished by dif-
ference between the overall curve of decomposi-
tion and the mass loss in the reaction of carbon-
ization. The contribution of the first stage consti-
tutes w1 5 0.13. After the optimization, one may
obtain the following estimations: Ec

(1) 5 5.89 kcal/
mol, kc

(1) 5 0.53 s21, and n(1) 5 2.2.
It is seen from Figure 4 that the theoretical

curves calculated by the found constants corre-
spond well to the experimental ones.

Estimation of Heat Conductivity

The coefficient l is one of main parameters in the
coating model; however, its a priori estimations
are very complicated since these include many
individual peculiarities of the coating. That is
why it is reasonable to estimate l on the basis of
experimental measurements of the temperature
field in the coating (see Fig. 5). When t 3 `, the
temperature distribution in the coating reaches
the stationary limit T`(x) (see Fig. 6). With an
increase of time, the rate of destructive processes
is decreasing, and the corresponding terms in the
heat transfer equation may be omitted. Besides,
we can assume, as a first approximation, that the
intumescent material possesses constant physical
characteristics along the depth. Then, upon a
large amount of time, the change of the tempera-
ture in the coating will be described by the follow-
ing system of equations:

T /t 5 k2T /x2 (29)

T ~L` , t ! 5 Ts

lT /x|x50 5 cmrmHmdT /dt|x50 1 aB ~T|x50 2 T0 !

T ~x, t0 ! 5 w ~x !

where k 5 l/cpr is a coefficient of temperature
conduction, L` is the limited height of the coating,
and f(x) is the temperature distribution at the
moment to. Equation (29) probably holds true
with good accuracy if the time moment to is cho-
sen to be big enough.

It is known from the heat transfer theory9 that
upon a large amount of time, a regular regime of
the material heating is reached when the solution
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of eq. (29) conforms to the exponential depen-
dence, as follows:

T ~x, t ! 2 T`~x ! > A ~x !exp(2z2kt /L`
2 )

where A(x) is some function that depends on the
coordinate only, and z is a least root of the follow-
ing equation:

ctg ~z ! 5 @~cmrmHm /lL`!z2k 2 ~aBL` /l !#/z ~30!

The coefficients aB and l are connected by the
equation

l 5 aBL`~TB 2 T0 !/~Ts 2 TB ! (31)

where TB is the stationary temperature on the
back wall. Treatment of the asymptotic inter-
vals of the temperature–time dependencies for
upper thermocouples gives the estimation z2

k/L`
2 5 2.3 3 1023 s21. A number of parameters,

which are included in eqs. (30) and (31), can be
estimated as cmrmHm 5 0.175 cal/cm 3 °C, cp
5 0.4 cal/g 3 °C, r0 5 1.13 g/cm3, r 5 r0 (1 2 w1
2 w2) L0/L` 5 0.15 g/cm3, L0 5 1 cm, L` 5 4.6
cm, and TB 5 200°C. Thus, eqs. (30) and (31)
contain only two unknown parameters, aB and
l. Solving the system of two equations, we find

Figure 4 (a) The curves of the mass loss for the blends: (1, 19) H3BO3 1 PhFR and (2,
29) B2O3 1 PhFR. The experimental (1, 2) and calculated (19, 29) results are shown by
the solid and dotted lines respectively. (b) The dependence of temperature in a chamber
of derivatograph upon time.
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aB 5 4.9 3 1024 cal/cm2 3 s 3 °C and l 5 8.6
3 1024 cal/cm 3 s 3 °C.

It follows from Figure 6 that the heat conduc-
tivity, in fact, depends on the coordinate. Consid-
ering aB as a known parameter and coming from
the condition

lT /x|x50,t3` 5 aB ~TB 2 T0 !

we can define more accurately the l value on the
back wall, as follows: l 5 5.5 3 1024 cal/cm 3 s
3 °C. The l value on the surface of the coating is
approximately thrice greater and equal to 1.8
3 1023 cal/cm 3 s 3 °C. This fact can be explained
by that the carbonized material has higher heat
conductivity than the noncarbonized polymer.
Heat conductivity of coke8 is equal to 5.4 3 1022

Figure 5 (a) The indications of the thermocouples fastened at different heights (in
cm) from the back wall. The experimental (hi) and numerically calculated (h9i) results
are shown by the solid lines and by points, respectively. The dotted lines display a
discontinuity between the flame temperature and a temperature on a surface of the
coating. (b) The experimental (1) and calculated (19) dependencies of the height of the
coating upon time. The points resulted from the indications of the thermocouples at
moments of their crossing with surface of the coating.
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cal/cm 3 s 3 °C, and that of the polymer1 is about
1023 cal/cm 3 s 3 °C. If we take such values then,
according to eq. (21), the heat conductivity of gas
is lg 5 5.1 3 1024 cal/cm 3 s 3 °C. With such a
parameter, eq. (21) describes well the boundary
values of l, although all the coefficients obtained
are effective. In particular, besides heterogeneity
of the material along depth, the calculated values
can be affected also by non-one-dimensional ge-
ometry of the coating due to the limited diameter
of the back wall.

Calculation of the Temperature Field in the
Coating

The system of eqs. (20)–(24) was solved by an
explicit method of finite difference with 101 equi-
distant knots on a coordinate grid. We envisaged
a calculation scheme of the second order of ap-
proximation by coordinate and the first one by
time. According to the standard method,10 the
solution is found at the following knot points: Tij
5 T(ji,tj), ji 5 (i 2 1)L0/(I 2 1), i 5 1,2, . . . , I; tj
5 tj21 1 Dtj, and j 5 1,2, . . . , where I is the
number of spatial knots (I 5 101), and Dtj is a
time step.

Since the system is essentially nonlinear, it is
necessary to carry out iterations at each time
step. As a feature of convergence of the iterations,
the following criterion was used:

O
i51

I

|1 2 Tij
~ p11! /Tij

~ p!| , 1024

where 1 is an iteration counter. The practice of
calculations has shown that upon simple itera-
tions, the convergence by given criterion often is
not reached. However, the convergence was al-
ways attained when a scheme with relaxation
was used for the calculation of the corrected val-
ues of temperature, heat conductivity, and expan-
sion coefficient, namely,

Tij 5 ~Tij
~ p! 1 Tij

~ p11! !/2

lij 5 ~lij
~ p! 1 lij

~ p11! !/2

Eij 5 ~Eij
~ p! 1 Eij

~ p11! !/2

An algorithm of the calculation of expansion
coefficient was described earlier.3,4 A peculiarity
of the thermophysical problem is that the value
E(j,t) should be calculated at each layer of the
coating and at each time step. The sequence of the
calculations is as follows. First, at each knot
point, a composition viscosity is calculated. If its
value is within the interval [hm, `), the values of
tmin and tmax corresponding to the limits of the
stable foam formation are calculated by solving
with respect to t the transcendental equations of
the form h(j,t) 5 hm and h(j,t) 3 `. When calcu-
lating tmin and tmax, the assumption of the linear-
ity in the change of temperature with time in each
layer of the coating within the limits of a time
step was used.

Earlier3,4 we noted that at a high temperature,
the process of carbonization seemed to suppress
foaming. This circumstance was taken into account
in the following way. If the value of tmin in the
certain layer of the coating corresponded to the tem-
perature . 500°C, that layer was considered unable
to foam up. If the value of tmax corresponded to the
temperature . 500°C, the value of tmax was as-
sumed to be equal to a time moment necessary for
heating the given layer to 500°C. Thus, carboniza-
tion completely or partially suppressed foaming.

After determination of the knot values of the
expansion coefficient Eij it is easy to calculate
density of the coating by eqs. (13) and (14) and
heat conductivity by eq. (21). Depending on the
temperature value in a layer, either the heat con-
ductivity of the initial polymer (if Tij , 500°C) or
the heat conductivity of coke (if Tij . 500°C) was
substituted in eq. (21) as lp.

To calculate the indications of the immovable
thermocouples, it is necessary to recalculate the
Lagrange coordinates into the Euler system.

Figure 6 The stationary distribution of temperature
along a depth of the coating (1) according to the model
implying the critical threshold of viscosity hm, and (2)
according to the model of foam draining. The indica-
tions of thermocouples corresponds to Figure 5.
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This transition was accomplished by calcula-
tion of the knot points in the Euler system and
liner interpolation of the temperature between
the points. The grid chosen was dense enough;
that is why interpolation yielded high accuracy.

The parameters of the curing reaction, used in
calculations, were given earlier.3,4 Apart from
thermophysical parameters described in previous
sections, the values obtained by the other authors
were used.1,2 The heat effect of the first decompo-
sition reaction DH1 was assumed to be equal to
zero. The heat effect of carbonization DH2 was
assumed1 to be 22000 cal/g. Besides, the follow-
ing parameters2 of heat exchange were used: «F 5
1, «s 5 1, aF 5 3 3 1024 cal/cm2 3 s 3 °C, and cg
5 0.15 cal/g 3 °C.

Only the parameter hm was varied by compar-
ing of the model with the experiment. The value
of hm determines the region of foam formation
and, correspondingly, the maximum expansion
coefficient Ef(j) 5 E(j,tmax(j)). Concrete distribu-
tion of the maximum expansion coefficient by a
coordinate determines, in turn, the final height of
the coating. The value of hm was varied in the
calculation so as to obtain the following observed
final height of the coating: 4.6 cm with the initial
height of 1 cm. The value hm 5 468 Pa 3 s corre-
sponds to such an increase in coating height.

The calculation results are shown in Figures
5–7. In Figure 5(a,b), the calculations for the ther-
mocouples fastened at different heights (hi, exper-
iment; h9i, theory) from the substrate and depen-
dence upon time of the change of the coating
height are given as follows:

L ~t ! 5 E
0

L0

E ~j, t !dj

The theoretical dependencies are depicted as
points to show how a time step was being varied
in the computations.

At the initial moment, the thermocouples,
which are above the coating, show the flame tem-
perature (1150°C). The algorithm computes tem-
perature only inside the coating; that is, the the-
oretical temperature–time dependence for above
thermocouples contains a discontinuity between
the flame temperature and a temperature on a
surface of the coating. We showed these disconti-
nuities by using rectangular fragments on the
theoretical dependencies [see the dotted lines in
Fig. 5(a)]. The experimental indications of these

thermocouples are continuous functions on ac-
count of thermocouples’ relaxation and a temper-
ature gradient within the flame. As foaming pro-
ceeds, the thermocouples penetrate into the depth
of the material and, naturally, first the tempera-
ture decrease is registered. When the velocity of
movement of the material of the coating with
respect to the thermocouple position significantly
decreases, the thermocouple registers the temper-
ature increase. So, if the Euler coordinate is
higher than the initial height of the coating, the
corresponding temperature–time dependence
passes through a minimum.

The temperature change in the points located
at the initial moment inside the coating depends
on the position of the point and character of foam
formation. Usually a preliminary heating of ma-
terial precedes intensive foaming. That is why
one may expect that the temperature in the
points situated near the coating surface at small
time should increase to a maximum. Then, when
an intensive foam formation begins to occur in the
coating, the temperature in these points is de-
creasing. The form of the calculated temperature–
time dependence [see curve with h9i 5 0.8 cm in
Fig. 5(a)] for a thermocouple situated near the
surface is probably typical.

Thermocouples located in the lower layers of
the coating in the majority of cases show monot-
onous growth of the temperature [see experimen-
tal curve with hi 5 0 cm in Fig. 5(a)]. However, in
the calculations, the temperature of the substrate
passes through the maximum. This maximum is
connected with the effect of heat dissipation on
the back wall into the external media (a room). In
case of the adiabatic back wall (aB 5 0), the tem-
perature change should be monotonous, of course.

The model describes the stationary tempera-
ture distribution with an appreciable inaccuracy
(see Fig. 6). It can be partially explained by the
imperfections of eq. (21). It is more probable, how-
ever, that the observed discrepancies of the model
with experiment are due to the fact that the coat-
ing is not actually one-dimensional.

We have noted that, in contrast to the previous
models,1,2,5,6 our model implies an uneven distri-
bution of the final density of the intumescent
coating by the depth of the material. The calcu-
lated distribution of the final values Ef(x(j)) of the
coating expansion coefficient is shown in Figure 7.
It is seen that Ef increases monotonously from the
coating surface to the substrate. The upper layers
of the coating (; 0.3 cm) are not foamed at all, for
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carbonization suppresses foaming in accordance
with our assumptions.

Generally, the model corresponds to the exper-
iment rather qualitatively than quantitatively.
Intensive foam formation in experiment is ob-
served earlier than it follows from the calcula-
tions [see Fig. 5(b)]. The assumption abut the
legible region [hm, `) within which the foam for-
mation takes place, is crude enough. According to
this assumption in the temperature range, where
viscosity monotonously increases with time, the
foam formation either does not occur at all (h
, hm) or occurs irreversibly (hm , h , `). In other
words, if the foam formation took place, under the
condition hm , h , ` the foam did not settle. It
would be more reasonable, however, to suppose
that the foam is able to both formation and disin-

tegration at any viscosity, although the rate of its
disintegration should decrease with viscosity in-
creasing.

The shortcomings of the model become more
intelligible, if considering the space image of a
coating [see Fig. 8(a)]. According to the accepted
assumptions, the gas released in the layers of a
coating, which are located within the zone 0 , x
, x (hm), is not kept in the foam. At the same
time, a substance in the lower layers of the coat-
ing is liquid, and so the foam in these layers
should be hermetic. Thus, more correctly to as-
sume that there exists only one frontier x¢x(h 3
`) separating the region of foam formation (a
liquid foam) from the region of a porous solid
material (a solid foam). However, one may expect
that both the models will give close results if the
region of the intensive foam formation is rather
narrow, actually, if it is commensurable with
a size of a bubble. Note that there are known
compositions with very sharp transition from vis-
coelastic state into solid state, for example, the
well-known composition called11 ‘‘pharaoh’s
snake.’’ The considered model seems to reflect the
properties of such systems quite satisfactorily.
However, we shall consider the other model too.

Model of Foam Draining

Creation of a strict theory of formation and
growth of foams is a separate and very compli-
cated problem. To our knowledge, it is unsolved
up until now. Nevertheless, let us attempt to de-
velop a simplest model of the foam formation dy-

Figure 7 The calculated final distribution of expan-
sion coefficient along a depth of the coating.

Figure 8 Two models of the foam formation: (a) the model implying the lower critical
limit of viscosity hm, and (b) the model of foam draining.
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namics by using some phenomenological assump-
tions.

In contrast to porous materials, a liquid foam
hinders a passage of a gas through itself. Each
bubble is surrounded by its neighbors [see Fig.
8(b2)]. If a bubble is situated in a depth of a liquid
foam, the gas from that bubble can be transmitted
only into an adjacent bubble, but it cannot pass
directly into atmosphere. Consequently, the gas
flow through a foam should be connected exclu-
sively with the process of gas redistribution be-
tween bubbles. Only bubbles in the last layer of
the liquid foam, being situated on the boundary
with the porous solid material, are able to trans-
mit gas directly into atmosphere [see Fig. 8(b1)].

It is worthwhile to note that the images of
bubbles in the form of spheres (see Fig. 1–3 and 8)
are, of course, only schematical. If all bubbles had
the ideal spherical form and an identical size, the
maximal quota of gas in the foam would consti-
tute vg 5 0.7405 ( or E 5 3.85). An observable
factor of foaming frequently exceeds the value of
3.85; for example, in a number of cases, it reaches
a value ; 100. The variants of cellular struc-
tures12 shown in Figure 9 allow one to explain
high values of vg (or E).

We suppose in the region of the liquid foam,
only hermetic (closed) hollows can arise [see Fig.
9 (a,b)]. Numerous research on microscopic sec-
tions of the coatings show13 that the form of hol-
lows is actually more complicated than that rep-
resented in Figure 9. We find it hard to give any
statistics; we can only note that some combina-

tion of honeycomb structure [see Fig. 9(a)] and
ball-like bubbles [see Fig. 9(b)] is observed in re-
ality.

As to reticulated structure [see Fig. 9(c)], it is
formed in the region of solid foam as result of
destruction of bubbles walls, owing to high gas
pressure or exhausting the material of the walls
because of chemical pyrolysis. The reticulated
structure, as well as the closed porous structure,
does not possess regular geometry. It is some
cellular space pierced by a great number of cha-
otically located microscopic channels and cracks.

The solid foam is a ‘‘frozen’’ formation; there-
fore, to describe an intumescence, one should con-
sider the region of the liquid foam.

Let us consider a layer between two character-
istics, x1(j1,t) and x2(j2,t). When foaming, a mass
of polymeric substance within this layer is con-
served. As to accumulation of gas in this layer, it
depends upon a difference between gas flow,
which leaves the layer towards the surface of the
coating, and a flow coming to the layer under
consideration from lower layers. If a thickness of
a chosen layer of the foam is commensurable with
a size of a bubble, the flow going out from this
layer should depend only upon properties of the
foam inside the layer and it should not depend
upon a properties of lower layers. In particular,
an outlet of gas into atmosphere is determined by
properties of the foam interface between solid and
liquid foams.

Stability of foams is determined by thermody-
namic and kinetic factors. As known, the thermo-
dynamic stability is reached by means of intro-
duction of detergents into a liquid. It is worth-
while to note that all attempts13 to use detergents
to rise effectiveness of intumescence of polymer
compositions did not lead to appreciable suc-
cesses. In the case of polymer foams, the kinetic
factor, that is, a totality of relaxation processes
connected with a movement of a liquid in walls of
bubbles, is likely to prevail. This movement, in
turn, is controlled by viscosity of a material. It is
reasonable to assume that, other things being
equal, the rate of disintegration of bubbles is in-
versely proportional to viscosity.

The more the amount of gas per unit of a foam
volume, the thinner the walls of bubbles and,
consequently, the greater the probability of rup-
ture of bubbles and transmission of gas into ad-
jacent bubbles (or into atmosphere).

Let us consider a layer of bubbles at the dis-
tance x 5 x2 from substrate. Taking account of the
suppositions mentioned above, the gas flow to-

Figure 9 The structures providing for the high gas-
filling of a foam: (a) the honeycomb structure, (b)
spherelike bubbles of different sizes, and (c) the retic-
ulated structure.
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wards the surface of the coating may be written
as

rgvg|x5x2
5 kd @~E 2 1 1 q !/h #|x5x2 (32)

where kd is some empirical parameter (the pa-
rameter of the foam draining) value of which will
be considered as being a constant for all layers of
the liquid foam.

Let Lb
E be a characteristic (effective) size of a

bubble in the Euler coordinate. As a result of
destruction of bubbles in the layer located at the
distance x 5 x1 > x2 2 Lb

E, the amount of gas,
which comes per unit of time into the layer under
consideration, is equal to

rgvg|x5x1
5 kd @~E 2 1 1 q !/h #|x5x1 (33)

This gas is retained by the layer of the foam
and is expended in a formation of new bubbles.
Let us assume that the height of the foam consid-
erably exceeds the size of bubbles. In other words,
one can use the limit Lb

E3 0. Then, replacing the
flows in eq. (15) by expressions (32) and (33) in-
stead of eq. (17), we obtain

 /t @E 2 1 1 q !rg ] 1 /j @kd ~E 2 1 1 q !/h #

5 r0dq /dt (34)

An initial condition has the form

E ~j, 0! 5 1, q ~j, 0! 5 0 (35)

Since equality [eq. (17)] turns into a partial
equation [eq. (34)] for determination of E, we re-
placed in eq. (17) the full derivative with respect
to time by partial derivative.

A boundary condition on the back wall is
needed for closure of the system of equations.
Note that when deducing this condition, in con-
trast to deducing eq. (34), one cannot use the
limit Lb

E 3 0.
With increasing a quota of gas in the foam, the

effective Lb
E size must increase. This size is con-

nected with the expansion coefficient by a com-
plex manner. However, we shall use the simplest
approximation, as follows: Lb

E 5 E Lb
L, where Lb

L is
a minimum characteristic size of a bubble. Inas-
much as (x2 2 x1)/(j2 2 j1) ' x/j 5 E 5 Lb

E/Lb
L,

and consequently, Lb
L 5 j2 2 j1, the Lb

L value can
be called a characteristic size of a bubble in La-
grange coordinate.

The condition of impermeability of the sub-
strate has the form rgvgPj50 5 0. At the same
time, in the region j . 0, the functions E, q, and
h are continuous ones; therefore, from eq. (34), we
have

lim
d30

~rgvg|j501d
2 rgvg|j50 !/d 5 `

Thus, the flow on the back wall contains a
discontinuity. After integration of eq. (34) from 0
to Lb

L, when assuming rgvg|j5010
5 rgvg|j5Lb

L , we
obtain

d /dt @~E 2 1 1 q !rg #|j5010 2 r0dq|j5010 /dt

5 2$@kd ~E 2 1 1 q !/h #|j5010 %/Lb
L (36)

The integration along Lagrange coordinate
from j1 5 0 to j2 5 Lb

L is equivalent to integration
along Euler coordinate from x1 5 0 to x2 5 Ej2
5 ELb

L 5 Lb
E. Thus, the assumption Lb

E 5 ELb
L

conforms to the condition of mass conservation in
the lowest layer of the coating.

The left-hand part of eq. (36) is, certainly, a
finite function; that is why eq. (36) allows the
transition Lb

L 3 0 only if E(0 1 0,t) 2 1 1 q(0
1 0,t) 5 0. However, the functions E(0 1 0,t) and
q(0 1 0,t), according to the physical sense, can
vary with time. Thus, by using the rule of con-
traries, one may conclude that the model implies
only finite values of Lb

L (and Lb
E). Indeed, if a

height of a foam is commensurable with a size of
a bubble, the speculative breaking up of the foam
into layers loses a physical sense.

Let us consider how the draining of the foam
evolves in the simplest situation; when in all lay-
ers the parameters h and rg are constant, there
are no interior sources of gas in the foam (dq/dt
5 0), and, initially, the foam is filled evenly
(E(j,0) 5 E0).

It is convenient to introduce the following di-
mensionless parameter: B 5 hrgLf /(tbkd ) 5 Lf /
Lb

L, where tb 5 hrgLb
E/kd is the characteristic time

of life of a bubble, and Lf is a final height of the
liquid after complete settling of the foam. Now eq.
(34), together with boundary and initial condi-
tions, may be rewritten as

BE / ~t /tb ! 5 E / ~j /Lf ! (37)

dE ~0 1 0, t !/d ~t /tb ! 5 2~E ~0 1 0, t ! 2 1!;
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E ~j, 0! 5 E0 , 0 , j , Lf (38)

One of the easy methods of solving the system
of eqs. (37) and (38) consists in using the Laplace
transformation, which links any pre-image Z(t)
with its functional image Ẑ(s) by means of the
following integral equation:

Ẑ ~s ! 5 E
0

`

Z ~t !exp(2st )dt

where s is the parameter of the transformation. One
may readily deduce expressions for the Laplace
transforms of the functions L(t) and E(j,t). These
are

Ê ~j, s ! 5 E0 /s

2 ~E0 2 1!exp~2sjtbB /Lf !/@s ~stb 1 1!#

L̂ ~s ! 5 E0Lf /s 2 ~E0 2 1!~Lf /tbB !

3 @1 2 exp~2stbB !#/@s2 ~stb 1 1!#

Making use the tables of inversion of Laplace
transforms14,15 and applying some theorems,15 in
particular, the delay theorem, we obtain

~E ~j, t ! 2 1!/~E0 2 1!

5 H1, t /tb , jB /Lf

exp~jB /Lf 2 t /tb !, t /tb . jB /Lf
(39)

~L ~t !/Lf 2 1!/~E0 2 1!

5 5
1 2 B21 @t /tb 2 1 1 exp~2t /tb !#,

t /tb , B
B21exp~2t /tb @exp~B ! 2 1#,

t /tb . B

(40)

The functions expressed by eqs. (39) and (40)
are represented in Figures 10 and 11. The char-
acter of distribution of gas in the foam depends
upon the ratio of height of the foam to the effec-
tive size of a bubble. With the large parameter B,
the profile E(j,t) looks like a step function [see
Fig. 10(a)]. This means an occurrence of the legi-
ble mobile frontier (j* 5 tLb

L/tb) in the foam that
separates a liquid with a low content of gas (0 , j
, j*) from the gas-filled part of the foam (j* , j
, Lf). In the course of draining the foam, the
height of the liquid is increasing, while the height

of the gas-filled part is decreasing. The constancy
of the expansion coefficient within the region j*
, j , Lf does not mean an absence of a gas flow in
this part of the foam. Merely, an amount of gas
that comes into each chosen layer of the foam
from lower layers is equal to an amount of gas
that leaves the given layer because of disintegra-
tion of bubbles.

The step distribution of the density leads to a
constancy of the foam settling. Indeed, it follows
from eq. (40) that with the parameter B .. 1 (see
Fig. 11, curve 2), the decrease of the foam height
with time occurs almost linearly, as follows:

~L ~t !/Lf 2 1!/~E0 2 1! 5 ~B 2 t /tb !/B (41)

If a height of the foam is commensurable with
a size of a bubble (B > 1), the foam is being
destroyed almost evenly along its depth. In the
latter case, eq. (41) gives a bad accuracy (see Fig.
11, curve 1).

With an even distribution of gas within the
foam, the extension coefficient ceases to depend

Figure 10 The profiles of the expansion coefficient
corresponding to different values of the parameter B
and different moments of the reduced time, t/tb: (a) B
5 20; (b) B 5 2.
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upon a coordinate; that is E(j,t) 5 E(t). If B 3 0,
from eqs. (39) and (40), we have

~E ~t ! 2 1!/~E0 2 1! 5 exp(2t /tb ) (42)

~L ~t !/Lf 2 1!/~E0 2 1! 5 exp(2t /tb )
(43)

In this case, the time of life of a bubble limits
the time of life of the foam as a whole.

Although in the situation B > 1 (Lf > Lb
L), as

mentioned above, the model in many respects
loses a physical sense, but eqs. (42) and (43) re-
main phenomenologically correct. From here, one
may conclude that the use of the characteristic
time tb from phenomenological standpoint is
more preferable in comparison to the characteris-
tic size Lb

L. The latter appears in eq. (36), which
can be rewritten, however, as follows:

d /dt @~E 2 1 1 q !rg #|j5010 2 r0dq|j5010 /dt

5 2rg @~E 2 1 1 q !/tb #|j5010

The presence of rg in the expression tb
5 hrgLb

L/kd seems strange. As the drain of the
foam should not depend upon rg, we should use k*d
rg instead of kd, and then tb 5 hLb

L/k*d. If substi-
tuting kd 5 k*d rg in eqs. (32) and (33), the new
constant k*d determines a linear velocity of gas
and not the mass flow. Therefore, the use of k*d is
more correct. At the same time, the density rg
varies rather weakly and can be considered as a

constant. That is why both the approaches are
almost equivalent.

The model considered implies a reversibility of
intumescence. According to eq. (34), the foam set-
tles if gas formation ceases. The foam can retain a
constant height if expansion of the foam, result-
ing from formation of new bubbles owing to inte-
rior sources of gas, compensates the foam settling
because of the disintegration of bubbles. These
peculiarities of the model are adequate to reality.
At the same time, the model contains a number of
appreciable shortcomings. A principal defect is
that it does not take into account a size distribu-
tion of bubbles, while this distribution must con-
siderably influence the foam stability. Besides, in
the case of intumescent coatings, it is vague to
what extent the stability and other properties of
the foam may be affected by capillary and surface
effects arising on the interface between liquid and
solid foams. In spite of above-mentioned imper-
fections, the considered model seems very useful
at the given stage of the theory development.

The heat transfer equation [eq. (20)] and eq.
(34), together with initial and boundary condi-
tions given by eq. (22), (23), (24), (35), and (36),
are the complete system for computing all prop-
erties of a coating. For solving the system, we
used a finite difference method being similar to
the algorithm considered in the previous section.

An integration of eq. (34) was carried out by the
explicit Euler method. To achieve good accuracy,
it is necessary to use a very small time step. It
was diminished, as the viscosity, calculated at
some knot of the space grid, increased to infinity
(h3 `). Then a time step first was increased and
then was being diminished again, as the viscosity
at the next knot grew. Because of a discreteness of
the space grid, the function L(t) in the computa-
tions looks like a step function, and the tempera-
ture, being calculated in the Euler coordinate sys-
tem as a function of time, for the same reason
slightly oscillates. In Fig. 12, only points corre-
sponding to fulfilling the condition h3 ` at knots
of the grid are shown. That is why the high-
frequency oscillations are not observed on these
curves.

A study of slits of the coating shows that the
size of bubbles Lb

E ; 0.1 cm is typical for foamed
layers. With the expansion coefficient ; 5, we
have Lb

L 5 Lb
E/E 5 0.02 cm. The latter value was

taken for the calculations.
In order to complete a choice of parameters,

one should find one more constant, namely, kd/h0,
where h0 is the constant in the Arrhenius equa-

Figure 11 The dependence of the reduced height of a
foam upon the reduced time with the different param-
eters B: 1–2, and 2–20. Linear dotted lines (19, 29)
correspond to eq. (41). The points correspond to the
time moments in Figure 10.
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tion for viscosity.3 The value of kd/h0 5 3.6 3 102

g/s 3 cm2 was chosen so that the final height of
the coating in the calculations would correspond
to the experiment (4.6 cm).

The constant h0 5 2.4 3 1024 Pa 3 s has been
estimated earlier.3 With M 5 30 g at 300°C, the
gas density rg is equal to 6.4 3 1024 g/cm3. Thus,
we are able to estimate the lifetime of bubbles tb
5 hrg Lb

L/kd. At the viscosity 3000 Pa 3 s, the
value of tb 5 0.44 s corresponds to the parameters
obtained.

In Figures 6, 12, and 13 are shown the depen-
dencies computed for the model of the foam drain-
ing. By comparing them with those represented
above for the model implying the lower critical

threshold of viscosity, one may conclude that both
the models give close results when calculating the
temperature field, the change of the coating
height with time, and the stationary temperature
profile. However, results of the computation of a
stationary density distribution differ qualita-
tively (compare Fig. 7 with 13).

The first model predicts that lower layers of
coating are to foam most effectively, while accord-
ing to the second one, the lower layers do not
practically foam. A study of slits of the coating
after foaming shows that for the considered com-
position the distribution with maximum of the
expansion coefficient (see Fig. 13) corresponds
better to the experiment. Namely, the lowest lay-

Figure 12 The same as in Figure 5 but for the model of foam draining.
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ers of the coating are less gas-filled than central
ones. However, to argue convincingly the used
assumptions, additional experimental and theo-
retical researches are required.

CONCLUSIONS

A new algorithm is proposed for predicting fire-
proof properties of the intumescent materials by
using their characteristics measured in indepen-
dent experiments. Two models of foam formation
were studied within the general thermophysical
problem. Both the modes lead to close results
when calculating a temperature field in a coating.
Thus, a temperature field itself cannot serve as a
measure of adequacy of a model.

The temperature profiles computed differ con-
siderably from experimental ones. The accepted
assumption that the coating is flat apparently
stipulates this discrepancy with the experiment.
It is quite obvious, in those experiments where a
size of a substrate is commensurable with a
height of a swollen material, the coating cannot
be considered in one-dimensional approximation,
for the boundary effects on a perimeter of the
coating in this case can considerably influence the
process of foam formation.

In contrast to preceding algorithms, the offered
one takes into account changing the rheological
properties controlled by kinetics of curing the ma-
terial. The necessary constants can be found from
isotherms of viscosity. On the other hand, the
increase of viscosity determines stability of the

foam. Therefore, the considered approach gives
an idea as to how one may govern the foam for-
mation and, consequently, the useful properties of
the coatings by means of modifying chemical pa-
rameters of the system.

For a further improvement of the model and a
confirmation of correctness of the accepted as-
sumptions, a more detailed study of the mecha-
nism of the foam formation in polymer systems is
needed.

The work was fulfilled partially with the financial sup-
port of INTAS, project INTAS–93–1846.
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